
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



ANNALS OF MATHEMATICS. 
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ON CEETAIN SPACE AND SURFACE INTEGEALS.* 

By De. Thomas S. Fiske, New York, N. Y. 

In the proceedings of the American Academy of Arts and Sciences, May, 
1891, Professor B. O. Peirce has given what may be considered as a remarka- 
ble extension of a well-known formula of the integral calculus. The formula is t 

j j -^ dxdy = I M cos ads , 

the integration in the second member being taken around a closed curve, and 
that in the first member over the included area, while a denotes the inolination 
of the exterior normal at any point of the curve to the axis of x. The enuncia- 
tion of the extension may be given as follows. Let the points of a plane be refer- 
red to a system of orthogonal curvilinear co-ordinates f ^=^f\ («, y), ^i "^f^ («, y)- 
If within a closed curve T, the function V and its first space derivatives are 
finite, continuous, and single- valued, and if the auxiliary quantities A, , ^2 . given 
by the equations 

are always greater than zero, we have 

d fV 



Sf^^^^di\7rJ'^''=S^'''"' 



where the single integration is along the curve T, and the double integration 
over the included area, while a denotes the inclination of the exterior normal 
at any point of the curve to the line of constant ly at the same point. 

Professor Peirce has indicated elsewhere:]: that a similar result holds in 
tridimensional co-ordinates. 

*Bead before the American Association for tlie Advancement of Science, August, 1891. 
t Byerly's Integral Calculus. 2d edition, p. 196. 
t Educational Times, February, 1891. 
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To obtain this, let us suppose that fi-^ , /k^ , f)^ denote orthogonal co-ordi- 
nates, that A, , ^2 J ^3 have their usual significance * 
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and are all greater than zero, and that a is the inclination of the exterior nor- 
mal at any point of a closed surface T to the line of constant p^ and p^ at the 
same point. It is to be observed that, when this line passes from without to 
within the closed surface, a is obtus6, and in the opposite case, acute. We 
have then 



d 



///^'^^^'^, 



hJi, 



dv -■ 



f.f^^- 



cos « dff . 



For integrating the first member with respect to pi , we obtain 

= j j TFcosa dff , 



the last integral following since the infinitely small square -J-^ J-Smay be re- 
garded as the projection of dff upon the surface pi. Two other formulas of 
the same form are obtained by permuting the subscripts. 

The results that may be obtained by applying the preceding to polar and 
cylindrical co-ordinates are of interest. Calculating the auxiliary quantities h 
by means of the equations of transformation from polar to rectangular co-or- 
dinates, we have 

y^, = 1 , /^2 



r sin t) 



whence 



* Todliunter's Functions, p. 220. 
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«, fl, y being the inclinations of the exterior normal to the lines of constant 
if and 0, 6 and p, p and f, respectively. 

In the case of cylindrical co-ordinates 

>^, =; 1 , h.2 = -, Aj = 1 . 

Hence 

'1 d 






«, ^, Y being the inclinations of the exterior normal to the lines of constant 
d and s, s and r, r and d, respectively. The last of these formulas is identical 
with the corresponding one in rectangular co-ordinates.* The preceding two 
are similar in form to those in plane polar co-ordinates.t 
Columbia College, August 1, 1891. 

♦Byerly's Integral Calculus, p. 200. 
+ Cf. B. O. Peiree, loc. cit. 



